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Abstract 
Bowling refers to a series of sports in which a player rolls a spherical “bowling ball” towards a set of vertical 
targets or “pins”; where the objective is to knock down as many pins as possible, Werner (1995). In indoor 
bowling the game is played on a flat wooden or synthetic surface. To increase the probability of hitting the 
maximum number of pins, players often impart an initial spin that makes the ball curve and hit the target at an 
angle. For a right-handed player, the usual curve goes from right to left and is known as a “hook shot”. In this 
paper, a volumetric contact model has been used to simulate the “hook shot” by modeling the interaction between
the ball and the lane.  The principal objective is to study the effectiveness of the modeling framework towards the 
study of the effects of the lane friction and the initial kinematic conditions on the trajectory of the shot. The 
construction of the core of the ball and the variation of its radii of gyration will also be investigated for their 
contributions towards the “hook”. 
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1. Introduction 
The motion of the ball in bowling can be broken down in three distinct phases. The first phase starts with the 
release of the ball by the player after which the ball travels a short distance through air. In the second phase, the 
ball impacts with the surface and moves towards the pins while slipping over the lane. In the third phase the ball 
rolls without slipping until it impacts the pins. Figure 1 shows a schematic representation of these three phases.  
 To maximize the probability of scoring a strike (i.e. knocking down all the pins) the players strive to curve the 
ball so that it generates what is known as a “hook”, defined as the deviation from the straight path as shown by the 
symbolG in figure 1. The pocket angleD is also an important quantity which determines the angle at which the ball 
hits the pins. The objective of this work is to use a volumetric contact model to evaluate the contact forces and 
moments between the lane surface and the ball, so that an effective, accurate and efficient simulation can be 
performed and the quantitiesG and D can be evaluated starting from the initial kinematic conditions.  
 
 
Figure 1: Three phases of the motion of a bowling ball (lane image out of scale) 
In the following sections, a brief overview of the volumetric model will be presented to outline the models used 
for the simulation results. Subsequently, various kinematic conditions and their expected outcome on the trajectory 
of the ball will be discussed. Finally, results will be presented that match the physical behavior of the bowling ball 
and corroborate the accuracy of the modelling framework.  
2. Volumetric contact model 
The motion of the bowling ball can be modeled using point contact models, Huston et al (1979) and Frohlich 
(2004), or by using a finite element approach. While the finite element approach sacrifices efficiency for increased 
fidelity of the model, the point contact approach requires separate sets of equations to model the three phases of the 
trajectory, Frohlich (2004). Additionally the point contact model assumes zero deformation of the contact surfaces, 
resulting in zero resistance in case of pure rolling, which is untrue for the actual scenario.  
These shortcomings can be overcome by using a contact model based on an elastic foundation assumption. 
Gonthier (2007) has proposed a volumetric approach based on this assumption which has been used for this 
simulation. In this section, a brief description of the volumetric formulation will be presented to explain the basic 
structure of the model. 
2.1. Normal force and rolling resistance 
The elastic foundation approach assumes the contact surface is made of a continuous field of springs and 
dampers, which gets compressed when there is a contact with another solid, vide figure 2. The total force of 
interaction between the two contacting bodies can then be calculated by integrating the spring-damper forces over 
the entire contact surface. Since the deflection of the spring-dampers are the depths of penetration at the individual 
locations, the surface integration results in a relationship between the volume of interpenetration of the two 
contacting bodies and the force of interaction between them. The volumetric model has been used by Gonthier 
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(2007) to model contact forces for robotics applications, and by Banerjee and McPhee (2012) to model the three 












Figure 2: Elastic foundation assumption Figure 3: Normal force and rolling resistance 
In this approach, the normal force of reaction between the two contacting bodies acts through the centroid c of 
the volume of interpenetration and can be expressed as shown in equation (1) 
.   ˆ1n v cnF k V av n    (1) 
In equation (1), V is the volume of interpenetration, cnv is the speed of the centre of mass of the body measured 
perpendicular to the contact patch, a  is the coefficient of damping and kv is the volumetric stiffness coefficient 
and nˆ is the unit vector in the normal direction. For our analysis, we have assumed the bowling ball to be a perfect 
sphere. Figure 3 shows the various quantities used in the equation above.  
Figure 3 also demonstrates the ability of the volumetric framework to account for the resistive torque during a 
pure rolling scenario. In this figure, the ball is assumed to have a normal velocity of magnitude cnv and an angular 
speedZ about. Since the normal force is dependent on the normal velocity, it can be clearly seen that the normal 
forces acting at point A is less than that acting at point B. This asymmetry generates a resistive torque which can 
be evaluated by integrating the moments of the reaction forces around the centroid of the volume of penetration. 
Gonthier (2007) has demonstrated that the rolling resisting torques act around directions perpendicular to the 
contact normal and can be expressed as 
 and  s v s vx v x x v x x z v z z v z zk a J k a J k a J k a JW Z Z W Z Z  |    |   (2) 
In equation (2),   and  are the elements of the surface inertia tensor. Gonthier (2007) has demonstrated that 
numerically it can be approximated by the volume inertia tensor, which is easier to evaluate for a given contact 
volume. 
2.2. Friction forces 
Gonthier (2007) has also proposed a bristle friction model which can account for friction forces that depend on 
the sliding velocity, demonstrate Stribeck effect, account for spin friction and is computationally feasible. The 
complete description of the model and the equations used therein are described in detail by Gonthier (2007) and 
Boos and McPhee (2012). 
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3. Simulation framework 
For this study, the entire model is implemented in the multi-domain modeling software MapleSim. Apart from 
the module pertaining to the contact forces, the model also contains a module for measurements and visualization, 
a module to calculate the aerodynamic drag forces and a module to model the vertical damping between the lane 
surface and the foundation underneath.  
 
  
Figure 4: Construction of the core of a bowling ball  Figure 5: forward spin simulation 
The model is simulated for various choices of initial conditions, physical properties and friction coefficients. 
MapleSim’s built-in solvers were used for the numerical simulation. A variable step solver based on the “Runge 
Kutta Fehlberg Fourth and Fifth order” algorithm was used with absolute error limit set at 510absH
 .  At this point 
the model parameters and the physical properties of the system need to be discussed before the simulation results 
can be presented. 
Bowling balls are constructed over a solid core. The moments of inertia of the core affect the dynamics of the 
ball. Figure 4 shows a cross-section of a typical bowling ball with an asymmetric core. Usually the direction of the 
maximum moment of inertia is identified on the surface of the ball using a small hole. The alignment of the 
principal directions and the initial angular speed is an important factor that determines the dynamics of the ball. 
The simplest of bowling deliveries are achieved when the player releases the ball with a forward spin, i.e. with 
an angular speed around the negative z axis. The corresponding trajectory of the ball passes through all the three 
phases as shown in figure 1. The relative lengths of the three phases are determined by the initial speed 0V and the 
initial angular velocity 0Z of the ball. For this simulation 0V is assumed to be 8.0 m/s and 0Z is assumed to be 30.0 
rad/s. These values are typical for players who average around the score of 200, Frohlich (2004).  
Apart from the initial kinematic conditions, the friction on the bowling surface affects the trajectory to a great 
extent. Modern bowling lanes use a coating of oil to modulate the friction variation along the length of the lane. 
Typically the coefficient of friction is around 0.04 in oiled portions and around 0.2 in the un-oiled portion. 
Different oiling patterns are used in different scenarios as explained in the next section. 
 The physical properties of the ball are also important factors that affect the trajectory. Apart from the mass 
(Mball) and the diameter of the ball (D ball), the radius of gyration (Rg) of the ball affects the dynamics 
significantly. A bowling ball can have the same radius of gyration about all three axes (symmetric core) or 
different radii of gyration about the axes (asymmetric core). For this study, Mball is assumed to be 16 lbs (7.25Kg) 
and Dball is assumed to be 8.55 in (0.217 meters).  
4. Results 
To demonstrate the transition between the three phases of motion, three distinct schemes of oil patterns are used 
for the same initial conditions. In the first case (scheme 1) it is assumed that the entire length of the lane is oiled. In 
the second scheme (scheme 2) it is assumed that the lane is left dry (i.e. higher friction). In the third scheme 
(scheme 3) the first 12 meters of the lane is assumed to be oiled and rest is assumed to be dry. The mixed scheme 
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or scheme 3 is often used in actual bowling lanes and competitions to control the level of difficulty by changing 
the amount of polished/dry surface.  The balls were launched horizontally along the positive x – axis from a height 
of y0 = 0.1524 meters with V0 = 8 m/s and 0Z =10 rad/s about the negative z axis (vide Figure 1), Rg is assumed to 
be equal to 0.0635 meters. Figure 5 shows the resulting plot where the distance of travel down the lane is plotted 
on the horizontal axis and the speed of the centroid of the volume of interpenetration with respect to the ground is 
plotted on the vertical axis. It clearly shows the three phases of motion and demonstrates how the low friction case 
results in a completely sliding motion throughout and how a high friction case results in pure rolling from about 6 
meters of the start of the lane. 
 
  
Figure 6: Trajectories for different friction schemes  Figure 7: Effect of the Rg on the trajectory 
For each of the simulations presented above, the hook and the pocket angles were zero throughout the length of 
the lane. To study the hook and pocket angle, the next set of simulations are performed using V0 = 8 m/s and 0Z = 
30 rad/s about the negative x – axis.  The ball is launched horizontally while making an angle 2.5T  $ with the 
positive x-axis. The value of Rg is assumed to be 0.0635 meters about all three axes. 
Figure 6 shows the resulting trajectories for the three schemes mentioned above. It clearly demonstrates the 
different amounts of hooks and pocket angles that can be achieved by simply varying the friction distribution along 
the lane using identical launch conditions.  
 
Figure 8: Effect of asymmetric core on the trajectory of the ball 
In actual cases, the players try to hit a specific location with maximum possible pocket angle. In the plot shown 
in figure 6, if that target location is marked with a star, it is quite clear that it is possible to hit that with different 
combinations of launch angle and spin. For example, if one has to hit the location using the low friction scenario, it 
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can be achieved by simply choosing a lower launch angle, as shown in figure 6 ( 1.65T  $ ). However, by looking 
at the trajectory for the low friction scheme, it can be seen that although it is possible to hit the target by altering 
the launch direction, the corresponding pocket angle is going to be lower and undesirable. This clearly 
demonstrates the benefit of having a higher friction zone towards the end of the lane.  
Figure 7 illustrates the effect of the radius of gyration on the trajectory of the ball. It shows that the amount of 
hook and the pocket angle increases with an increase in the radius of gyration. However, the effect of radii of 
gyration was found to be less pronounced than that of the friction. In this simulation, for a 14% increase in the 
radius of gyration, the corresponding changes in the amount of hook and the pocket angle were found to be less 
than two centimetres (1.55% increase) and one degree (30% increase) respectively. 
If the core of the bowling ball is made asymmetric, i.e. with different values of Rg around different axes, it also 
affects the amount of hook or pocket angle that can be achieved. Figure 8 compares the trajectories of two different 
bowling balls. The first one is assumed to have a constant radius of gyration of Rg = 0.0635 m while the other one 
is assumed to have Rg = 0.08 meters about the x axis and Rg = 0.0635 meters about the other two axes. Both 
simulations were carried out with V0 = 8 m/s along the positive x-axis and w0 = 30 rad/s about an axis that makes 
an angle of 45o with the negative x and z axes. This particular direction of the initial spin was chosen to ensure that 
the direction of initial angular velocity does not coincide with the directions of the principal axes of the core. The 
plots clearly show that the hook achieved by the asymmetric core is slightly higher than that in case of the 
symmetric core for identical launch conditions. 
5. Summary and Conclusion 
A volumetric model was used to simulate the complete motion of a bowling ball. The model was implemented 
in MapleSim and simulated for different launch conditions, physical properties and lane friction values. The effect 
of these quantities on the amount of “hook” and “pocket angle” were studied.The volumetric model was found to 
be able to accurately simulate the complete motion of the bowling ball. It was also found to be able to capture the 
phenomenon of hook and track flare. The simulation results were corroborated using data available from existing 
literature.  
The simulations confirm that the lane friction distribution and the radii of gyration of the ball affects the 
trajectory, and hence the amount of hook, significantly. Between the two factors, the friction forces were shown to 
have the dominant effect. Although this model included aerodynamic drag forces, their effects on the trajectory 
were found to be small compared to the other factors. 
The present model does have an important shortcoming. Currently it does not include the effect of centre of 
mass offset that are usually present in actual bowling balls. Although the maximum allowed centre of mass offset 
is around 1 mm, its effect on the trajectory of the model should be included for completeness of the model. Future 
effort will be directed towards the inclusion of the centre of mass offset and experimental measurement of the 
model parameters, King (2011).  
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